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1. Introduction 



Some new interesting geometric structures on the total space T*M of the 
cotangent bundle of a Riemannian manifold (M, g) were obtained for example 
^ ' ill [12], |2l]-[23] by considering the natural lifts of the metric from the base 

. manifold to T*M. Extensive literature, concerning the cotangent bundles of 

^ \ natural bundles, may be found in [T2j . 

The fundamental differences between the geometry of the cotangent bundle 
and that of the tangent bundle, its dual, are due to the construction of the 
lifts to T*M, which is not similar to the definition of the lifts to TM (see [27]). 
In a few papers such as [2]- [6], [9]-[lT], [IT], [21], and [26], some almost 
^ I product structures and almost para-Hermitian structures (called also almost 

^ ■ hyperbolic Hermitian structures) were constructed on the total spaces of the 

- - -' tangent and cotangent bundles. 

In 1965, K. Yano initiated in [26] the study of the Riemannian almost prod- 
uct manifolds. A. M. Naveira gave in 1983 a classification of these manifolds 
with respect to the covariant derivative of the almost product structure (see 
|20j). In the paper [25J in 1992, M. Staikova and K. Gribachev obtained a clas- 
sification of the Riemannian almost product manifolds, for which the trace of 
the almost product structure vanishes, the basic class being that of the almost 
product manifolds with nonintegrable structure (see [IB]). 

A classification of the almost para-Hermitian manifolds was made in 1988 
by C. Bejan, who obtained in [3] 36 classes, up to duality, and the character- 
izations of some of them. P. M. Gadea and J. Munoz Masque gave in 1991 a 
classification a la Gray-Hervella, obtaining 136 classes, up to duality (see [8]). 
Maybe the best known class of (almost) para-Hermitian manifolds are the (al- 
most) para-Kahler manifolds, characterized by the closure of the associated 
2-form, and studied for example in [Tj and 
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In the present paper we consider an (1, l)-tensor field P obtained as a nat- 
ural diagonal lift of the metric g from the base manifold M to the total space 
T*M of the cotangent bundle. This tensor field depends on four coefficients 
which are smooth functions of the energy density t. We first determine the 
conditions under which the tensor field constructed in this way is an almost 
product structure on T*M. We obtain some simple relations between the coef- 
ficients of P. From the study of the integrability conditions of the determined 
almost product structure, it follows that the base manifold must be a space 
form, and two coefficients may be expressed as simple rational functions of the 
other two coefficients, their first order derivatives, the energy density, and the 
constant sectional curvature of the base manifold. Then we prove the charac- 
terization theorems for the cotangent bundles which are Riemannian almost 
product (locally product) manifolds, or (almost) para-Hermitian manifolds, 
with respect to the obtained almost product structure, and a natural diagonal 
lifted metric G. Finally we obtain the (almost) para-Kahler cotangent bundles 
of natural diagonal lift type. 

Throughout this paper, the manifolds, tensor fields and other geometric ob- 
jects are assumed to be differentiable of class C°° (i.e. smooth). The Einstein 
summation convention is used , the range of the indices h, k, I, m, r, being 
always {1, . . . , n}. 

2. Preliminary results 

The cotangent bundle of a smooth n-dimensional Riemannian manifold may 
be endowed with a structure of 2n-dimensional smooth manifold, induced by 
the structure on the base manifold. If (M, g) is a smooth Riemannian manifold 
of dimension n, we denote its cotangent bundle by tt : T*M — )■ M. Every 
local chart on M, {U, ^p) = {U, , . . . , x") induces a local chart (7r~^(t/), $) = 
{n^^{U), g^, . . . , g", pi, . . . ,Pn), on T*M, as follows. For a cotangent vector 
p G 7r^^([/) C T*M, the first n local coordinates g^,...,g"' are the local 
coordinates of its base point x = n{p) in the local chart {U, ip) (in fact we 
have = n*x^ = o tt, i = 1, . . .n). The last n local coordinates pi, . . . ,Pn 
of p E n~^{U) are the vector space coordinates of p with respect to the basis 
((ia;^(p), . . . , <ia;"(p)), defined by the local chart {U, ip), i.e. p = pidx'^^^y 

The concept of M-tensor field on the cotangent bundle of a Riemannian 
manifold was defined by the present author in [7], in the same manner as the 
M-tensor fields were introduced on the tangent bundle (see [18]). 

We recall the splitting of the tangent bundle to T*M into the vertical distri- 
bution VT*M = Ker tt* and the horizontal one determined by the Levi Civita 
connection V of the metric g: 

(2.1) TT*M = VT*M © HT*M. 

If (tt-i ([/),$) = (7r-i([/),g\...,g",pi,...,p„) is a local chart on T*M, in- 
duced from the local chart {U,ip) = {U,x^, . . . ,x"'), the local vector fields 
. . . , on n~^(U) define a local frame for VT*M over n~^(U) and the lo- 
cal vector fields . . . , ^ define a local frame for HT*M over it~^(U), where 
W = W + r?.£, = krf„ and T^Mp)) are the Christoffel symbols of g. 
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The set of vector fields ^jj^^y^, denoted by {d\ djjij^Yn, defines a 
local frame on T*M, adapted to the direct sum decomposition (12. ip . 
We consider the energy density defined by g in the cotangent vector p: 

t = ilbf = l9~lp)iP,P) = lg'^{x)piPk, P e n-\U). 

We have t G [0, oo) for all p G T*M. 

In the sequel we shall use the following lemma, which may be proved easily. 

Lemma 2.1. If n > 1 and u,v are smooth functions on T*M such that 

ugij + vpiPj = 0, ug'^ + vg'^'g'^^ = 0, or u5] + vg'^'pj = 0, 

on the domain of any induced local chart on T*M, then u = 0, v = 0. We 
used the notation g^^ = ptg^^- 

3. Almost product structures of natural diagonal lift type on 

the cotangent bundle 

In this section we shall find the almost product structures on the (total space 
of the) cotangent bundle, which are natural diagonal lifts of the metric from 
the base manifold M to T*M. Then we shall study the integrability conditions 
for the determined structures, obtaining the natural diagonal locally product 
structures on T*M. 

An almost product structure J on a differentiable manifold M is an (1,1)- 
tensor field on M such that = I. The pair (M, J) is called an almost 
product manifold. When the almost product structure J is integrable, it is 
called a locally product structure, and the manifold (M, J) is a locally product 
manifold. 

An almost paracomplex manifold is an almost product manifold (M, J), such 
that the two eigenb undies associated to the two eigenvalues +1 and —1 of 
J, respectively, have the same rank. Equivalently, a splitting of the tangent 
bundle TM into the Whitney sum of two subbundles T^M of the same fiber 
dimension is called an almost paracomplex structure on M. 

V. Cruceanu presented in [6j two simple almost product structures on the 
total space T*M of the cotangent bundle, obtained by considering on the base 
manifold M a linear connection V and a non-degenerate (0,2)-tensor field g. 
If a is a differentiable 1-form and X is a vector field on M, denotes the 
vertical lift of a and the horizontal lift of X to T*M, one can consider 

(3.1) F(X^) = -X^, P(a^) = a^, 

(3.2) Q(A^) = {XY, Q(a^) = {aY , 

where X^ = gx is the 1-form on M defined by X\Y) = gx{Y) = g{X, Y),WY e 
Tq{M), = g-^ is a vector field on M defined by g{a^,Y) = a{Y), VF G 
Tq{M). P is a paracomplex structure if and only if V has vanishing curva- 
ture, while Q is paracomplex if and only if the curvature of V and the exterior 
covariant differential Dg of g, given by 

{Dg){X,Y) = Vx{Y') - Vy(X^) - [X,Y]\ 

vanishes. 
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The results from \T3] and [H] concerning the natural lifts, allow us to intro- 
duce an (1, 1) tensor field P on T*M, which is a natural diagonal lift of the 
metric g from the base manifold to the total space T*M of cotangent bundle. 
Using the adapted frame {d\ 6j, to T*M, we define P by the relations: 

(3.3) P6. = P^l^d^, Pd' = Pi^6„ 

where the M— tensor fields involved as coefficients have the forms 

(3.4) P(^) = a,it)g,, + h{t)p,p,, F| = a^{t)g^^ + h{t)g''g'' . 

Ci, 6i, 02, and 62 being smooth functions of the energy density t. 
The invariant expression of the defined structure is 

PX^ = a^{t){X')^ + h{t)p{X)p^, 

(3.5) 

P< = a2(t)(a«)f + 62(t)^/;i)(p,«)(p«)f , 

in every point p of the induced local card (7r~^(?7),$) on T*M, V X G 
To{M)y a e T^{M). The vector p^ is tangent to M in ^{p), p^ = pid' 
is the Liouville vector field on T*M , and {p^)^ = g^^Si is the geodesic spray 
on T*M. 

Example 3.1. When ai = 02 = 1, 61 and 62 vanish, we have the structure 
given by (13. 2p . 

The following theorems present the conditions under which the above tensor 
field P defines an almost product (locally product) structure on the total space 
of the cotangent bundle. 

Theorem 3.2. The tensor field P, given by ( \3.3\\ or (13. 5p . defines an almost 
product structure of natural diagonal lift type on T*M, if and only if its coef- 
ficients satisfy the relations 

(3.6) «i = — , cti + 2toi 



02 02 + 2^62 

Proof. The condition = J in the definition of the almost product structure, 
may be written in the following form, by using f l3.3p : 

p{l) -nil _ d pij p(l) _ jrj 
^ij M2) — Oj, ^(2yil — Oi , 

and replacing (13. 4p it becomes 

(aia2 - 1)6] + [61 (a2 + 2tb2) + aib2\g^^Pj = 0. 

Using Lemma 12. we have that the above expression vanish if and only if 

1 0162 
ai = — , 61 



a2 a2 + 2tb2 

which imply also the second relation in ( 13. 6p . □ 

Remark 3.3. If ai = 02 = /3, 61 = ^ and 62 = — a+2tu ' where a and /3 are 
real constants and u is a. smooth function of t, the statements of Theorem 13.21 



are satisfied, so the structure considered in [21] is an almost product structure 
on the total space T*M of the cotangent bundle. 



Theorem 3.4. The natural diagonal almost product structure P on the to- 
tal space of the cotangent bundle of an n-dimensional connected Riemannian 
manifold {M,g), with n> 2, is a locally product structure on T*M (i.e. P is 
integrable) if and only if the base manifold is of constant sectional curvature 
c, and the coefficients hi, 62 are given by: 

(3.7) = ^i^, b, = ^i^k^. 

fli — 2ta\ Qi + 2cta2 

Proof. The almost product structure P on T*M is integrable if and only if the 
vanishing condition for the Nijenhuis tensor field Np, 

Np{X,Y) = [PX,PY]-P[PX,Y]-P[X,PY] + P^[X,Y],\/X,Y eToiT*M), 
is satisfied. 

Studying the components of Np with respect to the adapted frame on T*M, 
{d\ 6j}i j^Y^, we first obtain: 

Npid\ &) = [P^Hid^P^^^ - d^P;^^) + RimLz P^^Pl^]d'. 

Replacing the values (13. 4p . after some tensorial computations the above 
expression becomes 

(3.8) ai(a'2-62)(fe-5>.)-a^Rim^,,+a2&2(RHzP.-RimLp,)^V' = 0. 

We differentiate (13. 8p with respect to ph- Since the curvature of the base 
manifold does not depend on p, we take the value of this derivative at p = 0, 
and we obtain 

(3.9) Rl^=ci5'lgk,-5^gk^), 
where 

c = ^(4(0) -62(0)) 

is a function depending on g^, g" only. Schur's theorem implies that c must 
be a constant when M is connected, of dimension n > 2. 
Moreover, by using (13. 9p . the relation (13. 8 p becomes 

(3.10) [aia'2 - ale - 62(^1 + 2ta2c)]i5'lgkj - 5!;gki) = 0. 

Solving (13.1 op with respect to 62, we obtain the second relation in (13. 7p . 
The Nijenhuis tensor field computed for both horizontal arguments is 

Np{6,, 6,) = {Pipc^P^ - P^fd^Pl^ + Riml^)d\ 
which vanishes if and only if 

[bi{2ta[ - ai) + a[ai + c]{ghjPi - guPj) = 0, 

namely when 61 has the expression in (13. 7p . 

The mixed components of the Nijenhuis tensor field, have the forms 

Np{5.,d^) = -Np{d^,6,) = (Fii^a-F^^,^) + F(^2)^^P//^ - f^i^L)^/., 

which after replacing (13. 4p and (13. 9p become 

(aiOg + (22^1 — o^lc + 2ta'2hi)g^^Pi 
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+ (a2&i + ai62 + 2thih2)6ig^^ + (a^aa + 0162 + ale + 2^0262) (5^^°^' 

+(026; + a[b2 + 3&162 + ai6'2 - 02620 + 2t6;62 + 2t6i6'2)PiC/°N°^'- 
Taking fl3.6p into account, the above expression takes the form 

(fli - 2a'^t)hi - aia[ - c ^ • aia'^ + c - (ai - 2a[t)hi , g • 
a( ai{ai + 2tbi) 

{aia[ + c)bi- (ai - 2ta\)hl^ 



(fli + 2tbi) 

and it vanishes if and only if hi is expressed by the first relation in 

One can verify that all the components of the Nijenhuis tensor field vanish 
under the same conditions, so the almost product structure P on T*M is 
integrable, i.e. P is a locally product structure on T*M. □ 

Remark 3.5. If the coefficients involved in the definition of P have the val- 
ues presented in Remark 13. 3[ the relations (13. 7p take the form u = cafP , so 
Theorem 13.41 implies the results stated in [24, Theorem 4.2]. 

4. Natural diagonal Riemannian almost product and almost 
para-Hermitian structures on T*M 

Authors like M. Anastasiei, C. Bejan, V. Cruceanu, H. Farran, A. Heydari, 
S. Ishihara, I. Mihai, G. Mitric, C. Nicolau, V. Oproiu, L. Ornea, N. Papaghiuc, 
E. Peyghan, K. Yano, and M. S. Zanoun considered almost product structures 
and almost para-Hermitian structures (called also almost hyperbolic Hermitian 
structures) on the total spaces of the tangent and cotangent bundles. 

A Riemannian manifold {M,g), endowed with an almost product structure 
J, satisfying the relation 

(4.1) g{JX,JY)=eg{X,Y), WX,Ye%\M), 

is called a Riemannian almost product manifold if e = 1, or an almost para- 
Hermitian manifold (called also an almost hyperbolic Hermitian manifold) if 
e = -1. 

In the following we shall find the Riemannian almost product (locally prod- 
uct) and the (almost) para-Hermitian cotangent bundles of natural diagonal 
lift type. 

To this aim, we consider a natural diagonal lifted metric on the total space 
T*M of the cotangent bundle, defined by: 

Gp{X^,Y^) = c,{t)g^^p){X,Y) + d,{t)p{X)p{Y), 



(4.2) 



Gp{a^,u^) = C2(t)^^(^p)(Q;,w) + 4(t)^^(p)(p,a)^^(p)(p,a;), 



GpiX^,a^) = Gpia^,X^) = 0, 

VX,r G V(M),V a, w e 7^°(M),Vp G r*M, where the coefficients ci, C2, di, o?2 
are smooth functions of the energy density. 

The conditions for G to be nondegenerate are assured if 

C1C2 ^ 0, (ci + 2trfi)(c2 + 2td2) ^ 0. 



The metric G is positive definite if 

ci + 2tdi > 0, C2 + 2td2 > 0. 
Using tlie adapted frame {d\ 6j}^ j^ii^ on T*M, ( I4.2p becomes 

{^((5^,(5^) = Gjj^ = ci(t)^ij + di{t)piPj, 
G'(9\(5,) = G(5„a^) = 0, 

where Ci, C2, (ii, are smooth functions of the density energy on T*M. 
Next we shall prove the following characterization theorem: 

Theorem 4.1. Let {M,g) be an n-dimensional connected Riemannian mani- 
fold, with n > 2, and T*M the total space of its cotangent bundle. Let G be a 
natural diagonal lifted metric on T*M, defined by (14. 2p . and P an almost prod- 
uct structure on T*M, characterized by Theorem 13. 2[ Then {T*M,G,P) is a 
Riemannian almost product manifold, or an almost para-Hermitian manifold if 
and only if the following proportionality relations between the coefficients hold: 

ci C2 ci + 2tdi C2 + 2td2 , , ^, 

4.4) — = e— = X, = e = A + 2tfi, 

tti 02 ai + 2tOi 02 + 2tb2 

where e takes the corresponding values from the definition ( |-^. ip , and the pro- 
portionality coefficients A > and A + 2t^ > are some functions depending 
on the energy density t. 

If moreover, the relations stated in Theorem 13.41 are fulfilled, then {T*M, G, 
P) is a Riemannian locally product manifold for 5 = 1, or a para-Hermitian 
manifold for e = —1. 

Proof. With respect to the adapted frame {5% Jjjj j^Y^, the relation ( 14. ip be- 
comes: 

(4.5) G{P5i, P6j) = eG{6^, 6j), G{Pd\ Pd^) = eG{d\ &>), G{Pd\ P6j) = 0, 
and using (13. 3p and (14. 3 p we have 
(-eci + a\c2)gij + [sdi + a\d2 + 26iC2(ai + tbi) + Athid2{ai + tbi)]piPj = 0, 

{alci - ec2)g'^ + [-£^2 + a^di + 2&2Ci(a2 + ^62) + 4t62C^i(a2 + tb2)]g'^'g^^ = 0. 

Taking into account Lemma 12. 1^ the coefficients which appear in the above 
expressions vanish. Due to the first relation in (13. 6p . we get by equalizing to 
zero the coefficients of gij and g^^ , the first relation in (14. 4p . 

Moreover, multiplying by 2t the coefficients of piPj and g^'^g^^ and adding 
them to the coefficients of gij and g^^ , respectively, we obtain: 

-5(ci + 2tdi) + (ai + 2t6i)2(c2 + 2td2) = 0, 

(4.6) 

(02 + 2t62)2(ci + 2tbi) - e{c2 + 2td2) = 0. 
Using the second relation in (13. 6p . (14. 6 p leads to the second relation in (14. 4p . □ 
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Remark 4.2. When the coefficients of the almost product structure P have 
the expressions in Remark 13.31 and the coefficients of the metric G on T*M 
are ci = oi, di = bi, C2 = —a.2 and d^ = —62, Theorem 14.11 implies that T*M 
endowed with the almost product structure and with the metric considered in 
[23] is an almost para-Hermitian manifold. 

5. Natural diagonal para-Kahler structures on T*M 

In the sequel we shall study the cotangent bundles endowed with para-Kahler 
structures of natural diagonal lift type. This class of almost para-Hermitian 
structures, studied for example in [1] and [15], is characterized by the closure 
of the associated 2- form Q. 

The 2-form Q associated to the almost para-Hermitian structure {G, P) of 
natural diagonal lift type on the total space of the cotangent bundle is given 
by the relation 

n{X,Y) = G{X,PY),yX,Y e r^{T*M). 
Studying the closure of fi, we may prove the following theorem: 

Theorem 5.1. The almost para-Hermitian structure {G,P) of natural diago- 
nal lift type on the total space T*M of the cotangent bundle of a Riemannian 
manifold {M, g) is almost para-Kdhlerian if and only if 

II = A'. 

Proof. The 2-form Q on T*M has the following expression with respect to the 
local adapted frame {9*, (5j}jj=i 

n{d\ d^) = n{5,, 5,) = 0, 5,) = cg^piJ^ d^) = Gf^p^^ 

By substituting (13. 4p and f l4.3p in the above expressions, and taking into ac- 
count the conditions for (T*M, G, P) to be an almost para-Hermitian manifold 
(see Theorem 14. ip . we have 

(5.1) = = Xdi + mg''', 

which has the invariant expression 

n (Xf , a^) = XaiX) + i,p{X)g-lp, a), 

for every X G %\M), a G T^%M), p G T*M, 

Taking into account the relation (15. ip we have that the 2-form Q associated 
to the natural diagonal para-Hermitian structure has the form 

(5.2) n = {X6i + mg''')dq'ADpj, 

where Dpj = dpj — V^-j^dq^ is the absolute differential of Pi. 
Moreover, the differential of Vt will be 

dVL = {dX6i + dfig^^pi + fidg^^p, + fig^^dpi) A dq' A Dpj - {XSj + ^ipig^^)dq' A dDpj . 

Let us compute the expressions of dX, dfi, dg'^^ and dDpi: 

dX = X'g^'^Dph, d^ = ^'g^'Dph, dg'' = g'^'Dpy, - T%dq^ , 

dDpi = ]^Rlhdq^ A dq^ - V'^^Dph A dq' . 
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Then, by substituting these relations into the expression of dfi, taking into 
account the properties of the external product, the symmetry of g^^ and F^- 
and the Bianchi identities, we obtain 

which, due to the antisymmetry of SjDpi A dq\ may be written as 

dn = ^ifi- X')pkig''6i - g''6l)Dp, A Dp, A dq\ 
and it vanishes if and only if /i = A'. □ 

Using the theorems 13. 2 [ l37i] and \5A] we immediately prove: 

Theorem 5.2. An almost para-Hermitian structure {G, P) of natural diagonal 
lift type on the total space T*M of the cotangent bundle of a Riemannian 
manifold (M, g) is para-Kdhlerian if and only if P is a locally product structure 
(see Theorem 13.4)) and fi = X' . 

Remark 5.3. The almost para-Kahlerian structures of natural diagonal lift 
type on T*M depend on three essential coefficients ai, bi and A, while the 
natural diagonal para-Kahlerian structures on T*M depend on two essential 
coefficients ai and A, which in both cases must satisfy the supplementary 
conditions oi > 0, ai + 2tbi > 0, A > 0, A + 2tX' > 0, where bi is given by 

(ETD. 

Remark 5.4. Taking into account Remark 14.21 we have that the constant 
X is equal to 1 and n vanishes, so Theorem 15.11 leads to the statements in 
j24[ Theorem 3.1], namely the structure constructed in [21] is almost para- 
Kdhlerian on T*M. Moreover, taking into account Remark 13. 5[ it follows that 
the relations (14) in [2l] are fulfilled in the case when the constructed structure 
is para-Kdhler. 
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